Abstract Meshfree stabilised methods are employed and compared for the solution of the incompressible Navier-Stokes equations in Eulerian formulation. These PetrovGalerkin methods are standard tools in the FEM context, and can be used for meshfree methods as well. However, the choice of the stabilisation parameter has to be reconsidered. We find that reliable and successful approximation with standard formulas for the stabilisation parameter can only be expected for shape functions with small supports or dilatation parameters.
Introduction
Meshfree methods (MMs) for the incompressible Navier-Stokes equations are frequently used in Lagrangian formulations, i.e. as classical particle methods -with meshfree methods we refer here to methods based on the well-known Moving Least Squares (MLS) concept or the Reproducing Kernel Particle Method (RKPM) [6, 18, 19] . Here the particles (nodes) move with certain velocities through the domain. In this paper however, meshfree methods for fluid problems are analysed in an Eulerian formulation, where the particles are fixed throughout the calculation. This formulation has a number of advantages.
Eulerian meshfree methods do not have problems with boundary conditions in general, and particularly not with outflow boundary conditions, which are difficult to handle in Lagrangian approaches as particles leave the domain. Lagrangian methods also have problems with particle clustering, jeopardising the stability of meshfree methods, and adaptive refinement is difficult due to the large movement of the particles. Eulerian methods, in contrast, do not show these problems. However, the advantages of Eulerian methods come at a price: they require stabilisation in convection-dominated regimes, a frequently occuring situation in fluid mechanics [1, 10, 16] .
In order for the implementation to be particularly convenient, we wish to employ equal-order interpolations for velocities and pressure. For the incom-pressible Navier-Stokes equations, this makes another stabilisation necessary to circumvent the Babuška-Brezzi condition [14, 23] .
We review standard stabilisation schemes that are frequently used in the finite element (FEM) context [3] . We find that the structure of the stabilising terms can be used for MMs as well, leading to Petrov-Galerkin methods -in contrast to Bubnov-Galerkin methods the test functions are chosen differently from the shape functions. However, the stabilisation parameter τ which weighs the stabilisation terms requires special attention. Using the same formulas for τ as in the FEM context is not justified in general. We show that the standard formulas can only be expected to give satisfactory results for small dilatation parameters of the meshfree shape functions. For a more detailed discussion of stabilisation -particularly with regard to MMs-the interested reader is referred to [7] .
The proposed standard stabilisations are applicable to the weak form of partial differential equations. It therefore appears natural that the employed MMs also solve the weak form rather than strong form, i.e. Galerkin conditions are used here rather than collocation.
The plan of the paper is as follows: In section 2 we review the standard stabilisation schemes, first for a scalar partial differential equation, and subsequently for the incompressible Navier-Stokes equation. In section 3 the stabilisation parameter is determined, by first recalling the situation of a one-dimensional advection-diffusion equation with linear finite elements, and subsequently proposing a new method first in one dimension, investigating the connection with the dilatation parameter, and proposing also a multidimensional variant. Numerical examples which show that the proposed stabilisation works are presented in section 4, ending with conclusions.
Stabilisation Schemes
The Streamline-Upwind Petrov-Galerkin (SUPG), the Pressure-Stabilising Petrov-Galerkin (PSPG), and the Galerkin Least-Squares (GLS) stabilisation methods are briefly recalled. The SUPG method stabilises oscillations in convection-dominated regimes, arising from the non-self-adjointness of the convective operator of a differential equation [1, 13] . PSPG stabilisation allows convenient equal-order interpolations in variational formulations with constraints, as is the case for the incompressible Navier-Stokes equations [15, 23] . This is accomplished by circumventing the Babuška-Brezzi condition, the relevant stability criterion of this class of problems. GLS methods stabilise oscillations in convection-dominated regimes as well as allowing equal-order interpolations [14, 16] .
All these stabilisation methods are consistent Petrov-Galerkin methods resulting from a modification of the Bubnov-Galerkin test functions with suitable perturbations. The fundamental idea is to stabilise through a product of a perturbation and residual, weighted with a stabilisation parameter τ . The determination of a suitable τ will be the subject of the next section.
The stabilisation schemes are described first for general scalar partial differential equations, and subsequently for the incompressible Navier-Stokes equations.
Scalar Differential Equation
A general scalar differential equation may be written in strong form as
with suitable boundary conditions, where L is some differential operator, u the solution, and f the loading or excitation. Following the method of weighted residuals, the problem is discretised with an ansatz ofũ (x) = N T (x) u = N I (x) u I -where N are either meshfree or mesh-based shape functions, and the resulting residual error is required to be orthogonal to the test functions;
Choosing w ⋆ = N leads to a Bubnov-Galerkin weighted residual method, whereas if any w ⋆ = N -this holds for all stabilisation methods considered in this paper-the procedure is denoted as a Petrov-Galerkin method. SUPG and GLS stabilisation are defined as follows:
where w is the Bubnov-Galerkin weighting function, L adv is the advection part of the whole operator L, and τ is the stabilisation parameter. As there is no pressure as Lagrange multiplier, PSPG stabilisation is obviously not possible for this scalar problem.
Incompressible Navier-Stokes Equations
The incompressible Navier-Stokes equations for a Newtonian fluid are in strong form
where u = (u, v) is the velocity vector, p the pressure, I the identity tensor, µ the dynamic viscosity and ̺ the density. Assume that suitable boundary conditions are given. With an ansatz ofũ (
The Bubnov-Galerkin choice for the weighting functions w ⋆ and q leads to oscillations in convection-dominated regimes, and equal-order interpolations M = N violate the Babuška-Brezzi condition [14, 23] . Both situations require stabilisation:
GLS :
where w and q are the usual Bubnov-Galerkin weighting functions. One may choose individual τ for each stabilisation, however, in practice, we have τ SUPG = τ PSPG = τ GLS , which can be justified with numerical experiments and mathematical analysis. SUPG stabilises oscillations in convectiondominated regimes [1] , and PSPG enables equal-order interpolations [23] , whereas GLS stabilises both aspects [14, 16] . In the following SUPG/PSPG and GLS stabilisation are used respectively. The difference between these two formulations is in the modification of the test functions SUPG/PSPG : 1 ̺ ∇q
i.e. there are additional terms in the modification of the test functions in the GLS stabilisation, which result from the diffusion part.
The Stabilisation Parameter
Each of the stabilisation methods described in the previous section consists of two ingredients: The structure of the perturbation and the stabilisation parameter τ . It can easily be shown that the same arguments for the structure of the stabilisation schemes hold both for meshfree and mesh-based methods [10] . However, this is in general not true for the stabilisation parameter τ itself.
In the finite element context, there are several suggestions for the determination of τ in the literature, i.e. with the help of element matrix and vector norms [24] , the Green's function of the element [12] , mathematical error analysis [4, 5, 16] , or model equations [2, 9, 17] .
From mathematical analysis in the finite element context, one can find the following design criteria for the stabilisation parameter: τ > 0 in general, τ = O h 2 /µ for low Peclet numbers P e = |c| h/(2K), and τ = O (h/ |c|) for high Peclet numbers, where h is a measure of the node distribution, and µ and |c| are measures of the diffusion and convection respectively. A number of formulas that fulfil these basic requirements for the stabilisation parameter are available in the finite element context, see e.g. [11, 20] .
The question of an 'optimal' stabilisation parameter τ requires an optimality criterion of the resulting approximation. Often the one-dimensional advection-diffusion equation is taken as a model equation. There, the exact solution is known, and enables one to calculate stabilisation parameters that fulfil any desired optimality criterion. An optimality criterion that has proven to be particularly useful is the one that obtains the nodally exact solution of the model equation. It can be shown that for linear FEM and a regular node distribution, the 'coth-formula'
fulfils this criterion and leads to nodally exact approximations. This formula has been generalised straightforward to multi-dimensions and is -together with similar versions-frequently used in practice for the successful stabilisation of arbitrary problems with linear FEM; and this although it is derived only from the special case of the one-dimensional advection-diffusion equation. It has been shown in [4, 5] , that straightforward use of this formula for higher-order FEM is not justified in general, and requires some modifications. It may thus be presumed that using these standard formulas derived in the mesh-based context of the linear FEM is also not suitable for MMs in general.
The standard way to obtain the coth-formula is to analytically solve the resulting difference equations in the system of equations emanating from the weak form of the model equation, discretised with linear FEM. Then, this solution is equated with the analytical solution of the differential equation [2, 9, 17] . In the following, we present a new approach which does not require the analytical solution of difference equations. We find this approach particularly useful to determine nodally exact solutions of the one-dimensional advectiondiffusion equation with arbitrary (not only linear) finite element interpolations and also with MMs.
One-Dimensional Advection-Diffusion Equation
The strong form of the one-dimensional advection-diffusion equation is
with suitable boundary conditions. A scalar quantity u (x) is advected with the velocity c and thereby experiences diffusion dependent on K. The exact solution of this problem is known as u (ex) (x) = C 1 e γ·x + C 2 , with γ = c/K. Particles (nodes) are introduced at the positions x 1 , x 2 , . . . , x n inside the domain. Discretisation of the SUPG stabilised weak form withũ (x) = N T (x) u gives
where
Let us extract one equation -say equation no. I-of this system of equations,
This equation corresponds to node I at x I with the test function w I . There is one τ I for each equation/node. Consequently, one may call this stabilisation nodal stabilisation, in contrast to element stabilisation -where stabilisation parameters τ e for each element are used-which is standard in the FEM. The τ I -values of each equation are computed such that the nodally exact solution is obtained. This can be done by introducing the exact solution into the vector u. We have
is a n × n matrix of the n shape functions evaluated at the n nodal positions. D is a sparse matrix if the shape functions are nonzero only in small parts of the domain Ω. In the FEM the shape functions are non-zero only on local supports, specified indirectly with help of the mesh, whereas the supports of MMs are defined with help of the dilatation parameter ρ [6] . For shape functions with Kronecker-δ property, N i (x j ) = δ ij and thus D = I. Rearranging Eq.(3.2) for τ I and replacing u with D −1 u (ex) results in
In what follows, this result will be interpreted.
Linear FEM
In the case of linear finite element shape functions, a number of simplifications for Eq.(3.3) is possible. Due to the Kronecker-δ property of the nodal finite element shape functions, we have D = D −1 = I. Partial integration is applied to the diffusion term in the nominator, whereas this term cancels out in the denominator. It remains for τ I (for constant c and K):
The integral expressions can be evaluated explicitely for the case of linear shape and test functions and a regular node distribution as
The scalar product of these expressions with u (ex) = C 1 e γ·x + C 2 gives
with E J = C 1 e γ·xJ +C 2 and P e = γ ·∆x/2 = c·∆x/(2K). With this definition of the stabilisation parameter one obtains the nodally exact solution for the one-dimensional advection-diffusion equation, approximated with linear FEM and a regular node distribution. Using standard element stabilisation instead of nodal stabilisation with τ e = τ I leads to the same result. This formula for τ has often be called 'optimal' in the literature [1, 2, 9, 17] . It has a local character as it is independent of the boundary conditions and only relies on the relative positions of the neighbouring nodes x I−1 and x I+1 .
Meshfree Methods
For meshfree methods, Eq.(3.3), can not be simplified in general. This result is interpreted as follows. Let us rewrite the expression for τ I as
, where f 1 , f 2 and g are linear functions of the test and shape functions respectively. The meshfree test and shape functions w and N have local supports. However, the term N T D −1 can be interpreted as the 'globalised' meshfree shape functions having Kronecker-δ property. This may be gleaned from Fig [18], that locally defined meshfree shape functions with Kronecker-δ property require singular test functions in the MLS procedure. This however has a number of severe numerical disadvantages and is only rarely used in practice.
Consequently, the vector Ω f i (w I )g N T D −1 dΩ is a full vector, which is in contrast to shape functions having Kronecker-δ property. In the latter case, g N T D −1 = g N T , and the vector is sparse. Evaluating the scalar product with u (ex) shows the important difference: Shape functions without Kronecker-δ property have non-zero entries in the scalar-product for all components of the vector u (ex) , whereas, in contrast, shape functions with Kronecker-δ property only have non-zero entries for the neighbouring nodes. This may be seen symbolically from Figure 2 , where it is clear that the nodally exact τ I for shape functions without Kronecker-δ property can only be obtained with a global criterion, because all entries of u (ex) have an influence on the result. Keeping in mind that u (ex) is an exponential function, the scalar product will depend more and more on the last entry of this vector as the convectiondiffusion ratio γ = c/K grows, because then
n , and belongs to node n with the largest x-value, i.e. the global downstream node. We conclude that the stabilisation parameter τ I , leading to nodally exact solutions has a global character, as it depends on all particle positions and for convection-dominated cases most importantly on the global downstream node. This is in contrast to shape functions with Kronecker-δ property, whose stabilisation relies on the neighbouring nodes only. Therefore, it can not be expected, that using the simple coth-formula -or other alternative similar versions derived as a local stabilisation criterion for linear FEM-is successful also for MMs.
Small Dilatation Parameters
Meshfree shape functions are constructed with help of the node distribution and the definition of supports [6] . The support size is defined by the dilatation parameter ρ. It is a well known fact, that MLS shape functions in one dimension with first order consistency become more and more equal to the standard nodal linear shape functions of the FEM as the dilatation parameter ρ approaches ∆x. This is also shown in Figure 3 . Hence it may be concluded that when ρ −→ ∆x, the coth-formula becomes more and more suited also for MMs. Hence
A stability criterion of the MLS requires ρ > ∆x [6] . Thus, one can never reach the limit ρ = ∆x, where the coth-formula gives the nodally exact solution. We propose however, that for reasonable advection-diffusion ratios and 'small' dilatation parameters a successful stabilisation with standard formulas -derived for mesh-based methods-can be obtained. We suggest dilatation parameters of 1.3∆x ≤ ρ ≤ 1.7∆x. For smaller ρ, the condition number of the MLS system of equations which has to be solved at every integration point may be too large to allow a sufficiently accurate solution, and for larger ρ the stabilisation may not be reliable. The numerical results in section 4 confirm this assumption.
Stabilisation Parameter in Multi-Dimensions
In the FEM, i.e. in the mesh-based context, the generalisation of the τ -formulas derived from the one-dimensional advection-diffusion equation to multi-dimensions is straightforward [1] . The one-dimensional parameters ∆x and c are replaced with the element length h e and the advection |c|. Assuming small dilatation parameters, the same generalisation is proposed for meshfree methods. Hence τ I in multi-dimensions may be computed with
or any other of the alternative version for τ . Here h ρ is the 'support length', analogously to the 'element length' h e in the mesh-based context. shows several possibilities to interpret h ρ in case of rectangular supports. The support lengths for circular and ellipsoid supports can be directly read of from these formulas.
In case of the incompressible Navier-Stokes equations, the advection coefficients c x and c y are replaced by the velocities u and v. In the numerical experiments, we find that particularly the min-version works very successful also for large aspect ratios (ρ x /ρ y ≫ 1, or ρ y /ρ x ≫ 1). See Mittal [21] for an interesting parallel for high aspect elements: He also finds that the minimal edge length works better than other versions for h e .
The inner-ellipsoid-version and the real-length-version are dependent on the streamline direction of the flow inside the support. In case of the incompressible Navier-Stokes equations, this introduces some disadvantages: A representative streamline-direction has to be found for the whole support, the streamline direction changes with each iteration step, and the non-linearity introduced by τ = f (u, v, h ρ ) is more complex as compared with the min and max version.
Numerical Results
All results are computed with standard MLS shape functions with first order consistency.
1D Advection-Diffusion Equation
The one-dimensional advection-diffusion Eq.(3.1) is solved with 21 particles. The advection-diffusion ratio is γ = c/K = 100. Figure 5a) shows the unstabilised results for two different dilatation parameters ρ = 1.3∆x ('small') and ρ = 3.3∆x ('large'). It may be seen that higher dilatation parameters lead to more oscillations, simply due to their higher Peclet number, P e ρ = cρ/(2K). Clearly, for both cases, stabilisation is required. Figure 5b) shows the nodally exact result, which can be obtained with the global stabilisation criterion for τ I derived in subsection 3.1. In figure 5c ) it can be seen, that standard formulas for τ I , like the coth-formula, only lead to successful stabilisation when the dilatation parameter is small, which confirms our conjecture in section 3.4.
Comparing figure 5b ) and c) shows that for small dilatation parameters, the result of the complicated global criterion and the coth-criterion gives almost the same result. This, however, is not the case for the large dilatation parameter of ρ = 3.3∆x, where pronounced oscillations remain in the solution. These oscillations are clearly not a problem of the high gradient itself that could not be captured by shape functions with such a large dilatation parameter, but result from the use of unsuited stabilisation parameters.
Incompressible Navier-Stokes Equations
As a first numerical test case we consider the driven cavity. This is a standard test case with benchmark solutions given in [8] for a variety of Reynolds numbers. Here the problem is solved with Re = 1000. For a problem statement see Figure 6 , showing also streamlines and pressure distribution for Re = 1000. tangential flow boundary, where most of the oscillations occur. 21 × 21 regularly distributed particles are used. The dilatation parameter of all supports is ρ = 1.3∆x. Solutions for dilatation parameters ρ > 2.7∆x converged either not at all or only very badly, underlining the need for small dilatation parameters, when standard formulas for τ I are used. One can clearly see that the oscillations apparent in the unstabilised result are smoothed out successfully. This leads to a superior overall solution, even in those parts of the domain where no oscillations are apparent in the unstabilised case. The next results are computed with 101 × 101 particles and ρ = 1.3∆x. With such a large number of particles, stabilisation is not needed at all, i.e. the unstabilised solution is already free of oscillations. The centre velocity profiles in Figure  7c ) and d) show that stabilisation does not degrade the accuracy when it is not needed. It is interesting that unstabilised and SUPG stabilised results are indistinguishable, whereas GLS stabilised results are slightly more diffusive. This could be confirmed with a number of additional computations. The next test case is the 'steady-state' solution for flow past a cylinder at Re = 100, as presented in [22] . Instationary computations at this Reynolds number lead to periodic flow patterns known as the Kármán vortex street, but this is not considered here. A problem statement is given in Figure 8a) . Slip boundary conditions are applied at the upper and lower boundary, no-slip boundary conditions are applied at the cylinder surface. The supports of the meshfree shape functions are anisotropic as defined above for the irregular driven cavity test case. Figure 8b ) depicts the oscillatory unstabilised velocity profile for v along the marked line in Figure 8a ). Both SUPG/PSPG and GLS stabilisation suppress the oscillations successfully.
Conclusion
We employ SUPG/PSPG and GLS stabilisation for the incompressible NavierStokes equations in Eulerian formulation and propose a stabilisation parameter τ in MMs. We find that only small dilatation parameters of the meshfree shape functions enable the successful use of standard formulas for τ . Generalisation of the stabilisation parameter to multi-dimensions is as straightforward as it is for mesh-based methods. This holds also for irregular particle distributions and anisotropic supports. It is observed that the stabilisation methods smooth out oscillations successfully and maintain higher-order accuracy. The GLS stabilisation introduces slightly more artificial diffusion than SUPG/PSPG stabilisation.
